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Abstract. A module M is called an automorphism-invariant module if every 
isomorphism between two essential submodules of M extends to an automor- 
phism of M. This paper introduces the notion of dual of such modules. We call 
a module M to be a dual automorphism-invariant module if whenever K\ and 
K2 are small submodules of M, then any epimorphism r) : M/Ki — > M/K2 
with small kernel lifts to an endomorphism ip of M. In this paper we give vari- 
ous examples of dual automorphism-invariant module and study its properties. 
In particular, we study abelian groups and prove that dual automorphism- 
invariant abelian groups must be reduced. It is shown that over a right perfect 
ring R, a lifting right ij-module M is dual automorphism-invariant if and only 
if M is quasi-projective. 



All our rings have identity element and modules are right unital. A right i?-module 
M is called an automorphism- invariant module if every isomorphism between two 
essential submodules of M extends to an automorphism of M . Equivalently, M is 
an automorphism-invariant module if for any automorphism a of E(M), a(M) C M 
where E(M) is the injective hull of M (see [5] and [TO])- 

Recall that a right i?- module M is called a quasi- injective module (pseudo- 
injective module) if M is invariant under any endomorphism (monomorphism) 
of E(M). Thus, clearly, any quasi-injective module or pseudo-injective module 
is automorphism-invariant. In this paper we introduce the notion of dual of an 
automorphism-invariant module. 

A submodule N of a module M is called small in M (denoted as iV C s M) if 
N + K ^ M for any proper submodule K of M. The Jacobson radical of a module 
M is the sum of all small submodules of M and is denoted by J(M). For any term 
not defined here the reader is referred to [3] and [8]. 

Definition. A right R-module M is called a dual automorphism-invariant module 
if whenever K% and K% are small submodules of M , then any epimorphism rj : 
M/K\ — > M/K% with small kernel lifts to an endomorphism ip of M . 



M >M 



M/Ki — M/K 2 
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We will show that, in fact, the above endomorphism tp must be an automorphism 
of M. First, we have the following 

Lemma 1. Let M be a dual automorphism-invariant module. Iftp:M—>M is an 
epimorphism with small kernel, then tp is an automorphism. 

Proof. Let K = Ker(<p). Then <p induces an isomorphism tp : ^ — > M. Consider 
tp^ 1 : M —¥ j*. Since M is a dual automorphism-invariant module, by definition, 
ip^ 1 lifts to an endomorphism A : M — > M. We have A(M) + K = M. As 
K C s M, we get A(M) = M. Thus A is an epimorphism. Then for any x G M, 
<^ _1 (ie) = \(x) + K. Now x — tptp (x) = ip(\(x) + K) = ipX(x). This proves that 
p\ = 1m- Thus (p^ 1 — A and hence ip is an automorphism. □ 

As a consequence, it follows that 

Corollary 2. A right R-module M is a dual automorphism-invariant module if 
and only if for any two small submodules K\ and K2 of M , any epimorphism 
r\ : M/Ki — > M/K2 with small kernel lifts to an automorphism ip of M. 

Proof. Let M be a dual automorphism-invariant right i?-module. Let K\ and K2 
be any two small submodules of M and let rj : Mj K\ — >• Mj K2 be any epimorphism 
with small kernel. Let ker(?7) = LjK x . Then L is small in M. If tt : M ->• M/Ki 
is a canonical epimorphism, then A = 7J7T : M — > M/K2 has kernel L. Thus 
A : M — > M/K2 is an epimorphism with small kernel. By definition, A lifts to an 
endomorphism tp of M. Now tp(M) + K 2 = M. As K 2 C s M, we get tp(M) = M. 
Thus ip is an epimorphism with small kernel, and hence by above lemma, ip is an 
automorphism. The converse is obvious. □ 



Example. A module with no non-zero small submodule is easily seen to be a dual 
automorphism-invariant module. Thus all the semiprimitive modules belong to the 
family of dual automorphism-invariant modules. In particular, the regular modules 
studied by Zelmanowitz in [12] are dual automorphism-invariant. 



1. V- RINGS AND Dual automorphism-invariant modules 

Recall that a ring R is called a right V-ring if every simple right i?-module is 
injective. The class of right V-rings was introduced by Villamayor [7]. It is a 
well-known unpublished result due to Kaplansky that a commutative ring is von 
Neumann regular if and only if it is a y-ring. The class of y-rings includes von 
Neumann regular rings with artinian primitive factors. It is well-known that if R 
is a right V-iing then for every right i?-module M, J(M) = and so M has no 
nonzero small submodule. For the sake of completeness, we present the proof in 
the next proposition. 

Proposition 3. Let R be a right V -ring. Then every right R-module is dual 
automorphism-invariant. 
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Proof. Let M be a nonzero right -R-module. Let x (j^ 0) G M. By Zorn's lemma 
there exists a submodule N of M maximal with respect to not containing x. Then 
the intersection of all nonzero submodules of M/N is (xR + N)/N and it is simple. 
Since R is a right V-iing, [xR + N)/N is injective. Then (xR + N)/N being a 
summand of M/N gives M /N = (xR+N) /N. Thus M = xR + N. This shows that 
M has no nonzero small submodule and consequently, M is dual automorphism- 
invariant. □ 

It is quite natural to ask here whether the converse of above result also holds. We 
proceed to answer this in the affirmative but first, we have the following useful 
observation. 

Lemma 4. Let Mi, M 2 be right R-modules. If M = Mi©M 2 is dual automorphism- 
invariant, then any homomorphism f : M\ — Y M2/K2 with K2 small in M2 and 
Ker(/) small in M\ lifts to a homomorphism g : Mi — > M%- 

Proof. We have an epimorphism a : M — >• jf- given by a(mi +7712) = mi +/(mi) + 
(m 2 + K2) for mi G Mi,to 2 G M%. Since K2 is small in M2 and M2 C M, we get 
that K2 is small in M . Now, as M is dual automorphism-invariant, by Corollary 
[21 cr lifts to an automorphism 77 of M. Let x\ G Mi and r)(xi) — u\ + 112 where 
ui e Mi,u 2 G M 2 . Then u\ + u 2 + K 2 = (xi + K 2 ) + f(xi), which gives u 2 + K 2 — 
f(xi). Let 7r 2 : M — > M 2 be the natural projection. Then g = 7t 2 ?7|mi : Mi — > M 2 
lifts /. □ 

Now we are ready to prove the following characterization of right Tarings in 
terms of dual automorphism-invariant modules. 

Theorem 5. A ring R is a right V -ring if and only if every finitely generated right 
R-module is dual automorphism-invariant. 

Proof. Suppose every finitely generated right i?-module is dual automorphism- 
invariant. We wish to show that R is a right V-iing. Assume to the contrary that 
R is not a right V-rmg. Then there exists a simple right i?-module £ such that S 
is not injective. Let E(S) be the injective hull of S. Then E(S) ^ S. Choose any 
x G E(S) \ S. Then S is small in xR and xR is uniform. Let A — ann r (x). As S is 
a submodule of xR = R/A, we may take S = B/A for some A <Z B <Z Rr. Consider 
M = ■? x -g. As M is finitely generated, by hypothesis M is dual automorphism- 
invariant. We have the identity homomorphism 1r/b '■ R/B — > R/B = where 
Kei(lfi/B) = is small in R/B and B/A is small in R/A. By LemmaHJ the identity 
mapping on R/B can be lifted to a homomorphism 77 : % — > Thus Image^) is a 
summand of R/A, which is a contradiction to the fact that R/A (= xR) is uniform. 
Hence R is a right I^-ring. 

The converse is obvious from the Proposition [3l □ 

Remark 6. It may be noted here that if we weaken the hypothesis above and as- 
sume that R is a ring such that every cyclic right R-module is dual automorphism- 
invariant, then R need not be a right V -ring. We know that every cyclic module 
over a commutative ring is quasi-projective and it will be shown in Corollary^that 
every pseudo-projective and hence quasi-projective module is dual automorphism- 
invariant. Thus, if we consider R to be a commutative ring which is not von- 
Neumann regular, then every cyclic module over R is dual automorphism-invariant 
but R is not a V -ring. 
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2. More Examples of Dual automorphism-invariant modules 

In this section we will discuss various other examples of dual automorphism-invariant 
modules. A module M is called a quasi-projective module (pseudo-projective mod- 
ule) if for every submodule N of M, any homomorphism (epimorphism) ip : M — > 
M/N can be lifted to a homomorphism ip ; M — > M, that is, the diagram below 
commutes. 




Clearly, every quasi-projective module is pseudo-projective. 

Proposition 7. Any pseudo-projective module is dual automorphism-invariant. 

Proof. Suppose M is a pseduo-projective module. Let L\,L 2 be two small sub- 
modules of M and a : j£- — > be an epimorphism. Let ix\ : M — ► be 
a natural mapping. As M is pseudo-projective, <j~k\ lifts to an endomorphism r\ 
of M. Let 7T2 : M — > jj- be a natural mapping. Then 7r 2 77 — aiti- Therefore 
tt2T](Li) = (ttti(Li) = gives T)(Lx) C L 2 . Hence 77 is a lifting of a. This proves 
that M is dual automorphism-invariant. □ 

Now we will show that dual automorphism-invariant modules need not be pseudo- 
projective. But, first we have the following useful observation. 

Lemma 8. Let Mi, M 2 be right R-modules. If M — Mi © M 2 is pseudo-projective, 
then Mi is M2~projective and M 2 is Mi-projective. 

Proof. Let / : Mi — > M2/N be a homomorphism. It induces an epimorphism 
er : M -» M/N given by a(xi + x 2 ) =Xi + f(xi) + (x 2 + N) for x x e Mi,x 2 G M 2 . 
Since M is pseudo-projective, c lifts to an endomorphism 77 of M. Let Xi G Mi and 
r}(xi) = ui+u 2 where Ui G Mi,u 2 £ M 2 . Thenu!+M 2 +iV = Xi + /(> 2 ) G Mi8^, 
« 2 + A r = /(x 2 ). 

Let 7r 2 : M — > M 2 be the natural projection. Then 7r 2 ?y|Mi : Mi — > M 2 is such 
that n 2 r](xi) — u 2 . This shows that g — 'n 2 r]\M 1 ■ Mi — > M 2 lifts /. Hence Mi is 
M 2 -projective. Similarly it can be shown that M 2 is Mi-projective. □ 

Proposition 9. If every right module over a ring R is pseudo-projective, then R 
is semisimple artinian. 

Proof. Let A be any right ideal of R. Since every right i?-module is pseudo- 
projective, R (B is pseudo-projective. By Lemma [51 R/A is i?-projective. There- 
fore the identity mapping on R/A lifts to a mapping from R/A to R. Thus the 
exact sequence — » A — >• R — > R/A — > splits. Therefore A is a summand of R. 
This shows that every right ideal of R is a summand of _R. Hence R is semisimple 
artinian. □ 

Remark 10. If R is a right V -ring which is not right artinian (for example, a 
non-artinian commutative von Neumann regular ring), then by Proposition^ and 
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Proposition^ it follows that R admits a dual automorphism-invariant module which 
is not pseudo-projective. 



3. Properties of dual automorphism-invariant modules 

In this section we discuss various properties of dual automorphism-invariant mod- 
ules. 

Proposition 11. Any direct summand of a dual automorphism-invariant module 
is dual automorphism-invariant. 

Proof. Let M be a dual automorphism-invariant right i?-module and let M = A®B. 
Let Ki, K 2 be two small submodules of A and a : — s- be an epimorphism with 
Ker(cr) C s Clearly, K x , K 2 are small in M and a' = a © 1 B : jf- ->■ jf- is an 
epimorphism with Ker(er') d s j^- Since M is dual automorphism-invariant, a' lifts 
to an cndomorphism r\ of M. For the inclusion map i\ : A — » M and the projection 
7Ti : M — > A, the map irir/ii : A A lifts c Hence A is dual automorphism- 
invariant. This shows that any direct summand of a dual automorphism-invariant 
module is dual automorphism- invariant. □ 

Remark 12. (i) The direct sum of two dual automorphism-invariant modules 
need not be dual automorphism-invariant. For example, Z2 and Z4 are dual 
automorphism- invariant "L-modules but Z2 © Z4 is not a dual automorphism- 
invariant "L-module. 

(ii) The submodules of a dual automorphism- invariant module need not be dual 
automorphism- invariant. For example, M = ^ © ^ is a dual automorphism- 
invariant Z-module but N = |f ©^ C M is not dual automorphism-invariant. 

A module M is called a hollow module if every proper submodule of M is small in 
M . A module is called local if it is hollow and has a unique maximal submodule. 

For the direct sum of local modules, we have the following 

Proposition 13. If M\,Mi are two local modules such that Mi © M2 is dual 
automorphism-invariant, then Mi is M2 -projective and M2 is Mi -projective. 

Proof. Consider any diagram 

Mi 

f 

M 2 M 2 /K ► 

with exact row. Since Mi and M 2 are local, if is a small submodule of M 2 and 
Ker(/) is a small submodule of Mi. Therefore, by Lemma [H / lifts to a homomor- 
phism h : Mi — > M 2 . This shows that Mi is .^-projective. Similarly it can be 
shown that M 2 is Mi-projective. □ 
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Consider the following conditions on a module N; 

(Dl): For every submodule A of N, there exists a decomposition N — N\ © N 2 
such that Nx C A and N 2 PiAc s N. 

(D2): If A is a submodule of N such that AT/A is isomorphic to a direct summand 
of N, then A is a direct summand of N. 

(-D3): If A and 5 are direct summands of N with A + B = N, then A n B is a 
direct summand of iV. 

It is well-known that if a module TV satisfies the condition (D2), then it also satisfies 
the condition (D3). If N satisfies the condition (Dl), then it is called a lifting 
module. If N satisfies the conditions (Dl) and (D3), then it is called a quasi- 
discrete module. If N satisfies the conditions (Dl) and (D2), then it is called a 
discrete module. The following implication is well-known; 

discrete quasi-discrete => lifting 

Since any quasi-projective module satisfies the property (D2) and hence the prop- 
erty (D3), it is natural to ask whether a dual automorphism- invariant module 
satisfies the property (D2). We do not know the answer to this question, how- 
ever we are able to show in the next proposition that every supplemented dual 
automorphism- invariant module satisfies the property (D3). Recall that a submod- 
ule K is called a supplement of N in M if K is minimal with respect to the property 
that K + N = M. As a consequence, it follows that K O N is small in K and hence 
in M. A module M is called a supplemented module if every submodule of M has 
a supplement. 

Proposition 14. If M is a supplemented dual automorphism-invariant module, 
then M satisfies the property (D3). 

Proof. Let M be a supplemented dual automorphism-invariant module. Let A and 
B be direct summands of M such that A + B = M. We wish to show that AnB is a 
direct summand of M. Since M is a supplemented module, there exists a submodule 
C of M such that A n B + C = M and An B DC C s M. Now, clearly we have 
B = ADB + BDC and A = AnB + AnC. This gives M = AC\B + BC\C + AnC. 
Set L = A n B n c. 

Now, as C = A n C + B n C, we have L = AnBn(AnC + BnC) C S M. Thus, 

M _ AnB Anc Bnc 
T~— — 

Since A is a direct summand of M, we have M = A © ^4' for some submodule A 1 
ofM. Then 

M_A A' + L _ AnB AnC A' + L 

~zT _ l ® Z ~ Z ® Z ® Z ' 

Set T = © ^±^. Let tt : M/L -> T be the natural projection. Let us denote 
the restriction of 7r to T by 7Tt. Then 7Tt : T — > T is an isomorphism. Thus we 
have an isomorphism 

Iahc/l © ttt : M/L -> M/i. 
Since M is dual automorphism-invariant, this map lifts to an automorphism 

77 : M -> M. 
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We have 

77(B) = (A n B) + (A 1 + L) = (A(l B) + A' = (An B) © A'. 

This shows that A n B is a direct summand of 77(B). Now as 77(B) is a direct 
summand of M, we have that A n B is a direct summand of M. Thus M satisfies 
the property (-D3). □ 



4. Dual automorphism-invariant abelian groups 



In this section we study dual automorphism-invariant abelian groups. We begin 
with the following useful result which will help us in constructing more examples 
of dual automorphism-invariant modules. 



Proposition 15. Let P be a projective right R-module that has no nonzero small 
submodule, and M be any quasi-projective right R-module such that Hom^(y, P) = 
for any small submodule K of M . Then P © M is dual automorphism-invariant. 



Proof. Set N = P®M. We have projections m : N -> P, and tt 2 : N -> M. Let K 
be a small submodule of N. Then it\(K) C s P. This gives tt\(K) = as P has no 
nonzero small submodule. Therefore K C M. Let if 2 be two small submodules 
ofN. Then 

N M N M 



Let cr 



N 
K-, 



where cth 
A12 : M — i 



P 



be an epimorphism. Now <r may be viewed as cr 

P, (712 : # -> P; T21-P^ 



Cll CT12 

(T21 C22 

P naturally given by <?x2, and A 2 i : P — >• M a lifting of (T21. As M is 
quasi-projective, cr 2 2 lifts to an cndomorphism A22 of M. 

Let A = [ ^ n 

A21 ^22 

hypothesis, for any x € K\ 



Then A is an endomorphism of N. As Ai 2 = by the 



" Aii 


A12 




' " 











A21 


A22 




X 




A 22 (a;) 




A 22 (a;) 



As A22 is a lifting of 022, A 2 2(iCi) 
is dual automorphism- invariant. 



C K2- Hence A lifts cr. This proves that P 1 



M 
□ 



In particular, for abelian groups we have the following 



Corollary 16. Let P be a projective abelian group and let M be any torsion quasi- 
projective abelian group. Then P © M is dual automorphism-invariant. 

Proof. As P is a direct sum of copies of Z and Z has no nonzero small subgroup, P 
has no nonzero small subgroup. For any small submodule K of M, since M/K is 
a torsion abelian group, Homz(^,Z) = and hence Homz(-^,P) = 0. Thus the 



K ' 

result follows from the above lemma. 



□ 



The above result gives us plenty of examples of dual automorphism-invariant mod- 
ules. 



Example. Let M = Z © C, where C is a finite cyclic group. By Corollaru \lb\ M 
is dual automorphism-invariant but M is not pseudo-projective unless C = 0. 
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We recall here some useful facts about abelian groups. For details we refer the 
reader to Fuchs 4 . Let G be an abelian group. An element x £ G is said to be 
of finite height, if there exists an upper bound on all positive integers k such that 
p k y = x for some prime number p and some y £ G. An abelian group is said to 
be bounded, if there is an upper bound on the orders of its elements. A bounded 
abelian group is a direct sum of cyclic groups [U Theorem 17.2]. A subgroup H of 
G is said to be pure in G, if nG PI H = nH for every integer n. If an element x £ G 
is of order a prime number p and has finite height, then there exists a summand H 
of G of finite order such that x £ H [?J Corollary 27.2]. If a pure subgroup H of G 
is bounded, then H is a summand of G [4] Theorem 27.5]. The torsion subgroup 
of an abelian group is a pure subgroup. It follows that if the torsion subgroup T of 
G is bounded, then T is a summand of G. An abelian group G is called a divisible 
group if for each positive integer n and every element g £ G, there exists ft. £ G 
such that n/i = g. An abelian group G is called a reduced group if G has no proper 
divisible subgroup. 

Theorem 17. ('see [4]^ J/ G is an abelian group, then G = D © X, where D is 
divisible and K is reduced. Furthermore, the structure of divisible abelian group is 
given as 

£>= (©™ p Z(p°°))©(©„Q). 

We have the following observation for a torsion abelian group. 

Lemma 18. Let G be a torsion abelian group such that G is dual automorphism- 
invariant. Then G is reduced. 

Proof. Assume to the contrary that G is not reduced. Then in view of Theoremll7[ 
we have G = © mp Z(p°°). For a prime number p, consider H = Z(p°°). Its every 
proper subgroup is small. Let ACBbe two proper subgroups of H . There exists an 
isomorphism a : ^ — > Since every summand of a dual automorphism-invariant 
module is dual automorphism-invariant, H is dual automorphism- invariant. There- 
fore a lifts to an endomorphism r\ of H . Then cr(A) = B. This gives a contradiction 
as order of A is less than the order of B. Hence G is reduced. □ 

Next, we recall the characterization of quasi-projective abelian groups due to 
Fuchs and Rangaswamy [5]. 

Theorem 19. (Fuchs and Rangaswamy \±>\) An abelian group G is quasi-projective 
if and only if it is either free or a torsion group such that every p-component G p is 
a direct sum of cyclic groups of the same order p n . 

Now we are ready to prove the following for a torsion abelian group. 

Theorem 20. Let G be a torsion abelian group. Then the following are equivalent; 
(i) G is dual automorphism-invariant, 
(ii) G is quasi-projective. 
(Hi) G is discrete. 

Proof, (i) ==>• (ii) . Since any abelian group is a direct sum of a divisible group and 
a reduced group, in view of Lemma [18j it follows that G is reduced. Let p be a 
prime number. Consider the p-component G p of G. Suppose G p =fi 0. As G p is 
reduced, G p — A\ © L, where A\ is a nonzero cyclic p-group. Now o{A\) = p n for 
some n > 0. If L = 0, we get that G p is quasi-projective. Suppose L ^ 0. Then 
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L = Ai © Li, where A2 is a nonzero cyclic p-group. By Proposition [TU A\ © A2 
is dual automorphism-invariant. As every subgroup of A\ or A2 is small, it follows 
that Ai is ^-projective and A2 is ^i-projective. Hence A\ (BA2 is quasi-projective. 
This gives A\ = A2. By above theorem, we get G p is a direct sum of copies of Ai. 
Hence G p is quasi-projective. This proves that G itself is quasi-projective. 

(ii) => (i). This follows from Proposition [7] 

This shows that (i) and (ii) are equivalent. For the equivalence of (ii) and (iii), see 
[3 Theorem 5.5]. □ 

Lemma 21. Let G be a torsion-free, uniform abelian group which is not finitely 
generated. Let H be a nontrivial cyclic subgroup of G. For any prime number p, 
let G p = {x G G : p n x G H for some n > 0}. Then J{G) ^ if and only if the 
number of prime numbers p for which G p — H is finite. 

Proof. Observe that H C G p for any prime number p. Without loss of generality 
we take GCQ and H = Z. Let M be a maximal subgroup of G. For some prime 
number p, G/M is of order p. Thus pG p C M. Now G p is generated by some 
powers -p;, n > 0. 

Case 1. Assume Z C G p . Then Z C pG p C M, M/1 is a maximal subgroup of G/Z. 
As G/Z is a torsion group such that for each prime number q, G q /Z is the (/-torsion 
component of G/Z, we get G q C M, whenever q ^ p. Then M = (G p C\ M) + A p , 
where A p is the sum of all G q , q =/= p. 

Case 2. Assume Z = G p . If Z C M, the arguments of Case 1 show that M = G, 
which is a contradiction. Thus Z % M, and we get M n Z = pZ. 

We know that the intersection of infinitely many sets pZ is zero. Thus it follows 
that J(G) ^ if and only if the number of primes p for which G p = Z is finite. □ 

Theorem 22. Let G be a subgroup of Q containing Z. T/ien t/ie following condi- 
tions are equivalent; 
(i) G is dual automorphism-invariant. 

(ii) The number of primes p for which G p — {x G G : p n a; £ Z} = Z is not finite. 

(iii) J(G) = 0. 

Proof, (i) => (ii). Let G be a subgroup of Q containing Z and suppose G is 
dual automorphism-invariant. Assume to the contrary that the number of primes 
p for which G p — {x £ G : p n x G Z} = Z is not finite. Then by Lemma [5TJ 
J(G) 7^ 0. Therefore we can find a cyclic subgroup H that is small. We take 
H = Z. By using the Lemma |2~T| we see that G/Z is an infinite direct sum of its 
p-components. For any prime number p / 2 for which the p-component G p /Z is 
nonzero, its group of automorphisms is of order more than one. This proves that 
Aut(GfZ) is uncountable. As Q is countable, it follows that some automorphism of 
G/Z cannot be lifted to endomorphism of G. Hence G is not dual automorphism- 
invariant, which is a contradiction. This proves that the number of primes p for 
which G p = {x G G : p n x G Z} = Z is not finite. 

(ii) =4> (iii). It follows from Lemma I2T1 
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(iii) ==> (i) is trivial. □ 

Corollary 23. If a torsion-free abelian group G is dual automorphism-invariant, 
then it is reduced. 

Proof. Let G be a torsion-free dual automorphism-invariant abelian group. Assume 
that G is not reduced. Then G = ffi n Q. As Q is a summand of G, it must be dual 
automorphism-invariant by Proposition llf I However, we know that Q is not dual 
automorphism- invariant (see Theorem I22|) . This yields a contradiction. Hence G 
is reduced. □ 

From Theorem [T71 Lemma [TS] and Corollary [531 we conclude the following 

Theorem 24. Let G be a dual automorphism-invariant abelian group. Then G 
must be reduced. 



5. Dual automorphism-invariant modules over right perfect rings 

Bass pQ defined a projective cover of a module A to be an epimorphism /i : P — > A 
such that P is a projective module and Ker(/x) is a small sub-module of P. Thus 
modules having projective covers are, up to isomorphism, of the form P/K , where 
P is a projective module and if is a small sub-module of P. A ring R is said to be 
a right perfect ring if every right i?-module has a projective cover. 

Next, we proceed to provide an equivalent characterization for a module with 
projective cover to be a dual automorphism-invariant module. We begin with a 
lemma which will be used at several places throughout this paper. 

Lemma 25. Let A, B be right R-modules and let C be a small submodule of A. 
Let f : A —¥ B, and g : A — > B be homomorphisms such that g{C) = 0. Consider 
induced homomorphisms f':A—> B/f(C) and g' : A —> B/f(C). If f = g' , then 
f = 9- 

Proof. Let ir : B — > B / f(C) be the natural projection. Then /' = irf and g' = ng. 
Now, since /' = g', we have for each x G A, f'(x) = g'(x). Thus irf(x) = irg(x) 
for each x S A. This gives f{x) + f{C) — g(x) + f(C) for each x £ A. So, 
(/-<?)(*) G f(C) = (f-g)(C) for each xG A Therefore, (f-g)(A) C (f - g)(C) 
and hence A C C + Kcr(/ — g). Now, since C is a small submodule of A, we get 
A = Kcr(/ - g). Thus, / - g = and hence / = g. □ 

Lemma 26. Let M be any right R-module and Li, L2 be two small submodules of 
M . Let a : — > be an epimorphism and 77 : M — ^ M be a lifting of a. Then 

(i) 77 is an epimorphism. 

(ii) If a is an isomorphism and Ker(rj) is a summand of M, then r\ is an auto- 
morphism. 

Proof. (i) The hypothesis gives r](M) + L2 = M. Since L2 C s M, we have 
rj(M) = M. Hence 77 is an epimorphism. 
(ii) The hypothesis gives that Ker(?7) C L\. Therefore Ker(r;) C s M. Also, by 
the hypothesis, Ker(?7) is a summand of M . Thus Ker(?7) = and hence 77 is 
an automorphism. 

□ 

Now we are ready to prove the following 
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Theorem 27. Let P be a projective module and if C s P. Then M = is dual 
automorphism-invariant if and only if <x(if) — if for any automorphism a of P. 

Proof. Let M = £ be a dual automorphism invariant module. Let a : P — » P be 
an automorphism. The map a induces an epimorphism a : j*? — >• x+aiK) gi ven by 
a(x + if) = a(x) + if + a(K). As Ker(a) = ^ 1 ^+ K i s sma ll in M = P/K, a 

lifts to an automorphism n of M and ri~ 1 { K+ '^ K * > ) = - — ■ Now n lifts to an 
endomorphism A of P. By Lemma [26l A is an automorphism of P. Then A(if ) C if. 
If if C A (if), the mapping 77 which is induced by A cannot be an automorphism. 

Hence A(if) = if. As n( a ~ 1{ * )+K ) = A " + ^ (g) , we get \{a~ l {K) + K) = K + a(K). 
Let C = cr — 1 (if) . Now C C s P. We have two mappings A and fx given as follows; 

A : P -> P/if 

such that A(x) = A(x) + if, and 

/I : P -» P/if 

such that /2(a;) = <t(x) + if. 

Clearly /2(C) = 0. Now r?( ^g^ ) = Mg^±^3 = H^(k))+k = 
KC) + K . Hence A(C) = a[K) K +K . For P = f , we can take = 
Let 7r : — > gq~rg^ be a natural mapping. Set A' = nX, p,' = np,. Let x £ P. 

Then A'(a:) = 7r(A(x) + if ) = tt?7(x + if). Now 77(2; + if) = y + if for some y £ P. 
Thus A'(x) = y + <j(if) + K = a(x + if ) = a(x) + a(K) + if = /?(x). Hence 
A' = /i'. By Lemma 1251 we conclude that A = p. This gives p(K) = A(if) = 0, 
as A(if) = if, we get a ( K ^ +K = 0. Hence c(if) C if. By considering ct _1 , we get 
cj- x {K) C if, therefore if C cr(if). Hence cx(if) = if. 

Conversely, let cr(if) = if for any automorphism a of P. Let L\ = ^-,L>2 = 
4t be two small submodules of M and a : = — > = be an epimorphism with 

Ker(cr) C s =. Now Ker(cr) = =, where L is some submodule of P containing if. 
Then L C s M and hence L C s P. Now a induces an epimorphism a' : —> 

such that for any x £ P, cr'(x + Li) = y + £2 if and only if <t(5 + -Li) — y + L2- 
Now Ker(er') = -j- C s jE-, and <r' is an epimorphism. It lifts to an endomorphism 
n of P. Then Ker(rj) C L, and therefore Ker(rj) C s P. The above lemma gives 
that 77 is an automorphism of P. By the hypothesis, 77 (if ) = if. Hence 77 induces 
an automorphism 77 : M — > M. This fj lifts a. Hence M is dual automorphism- 
invariant. □ 

We have already seen that if M is a supplemented dual automorphism-invariant 
module, then M satisfies the property (P3). Since every module over a right 
perfect ring is supplemented, it follows that every dual automorphism-invariant 
module over a right perfect ring satisfies the property (P3). 

Now, for a lifting module over a right perfect ring, we have the following 

Proposition 28. Let R be a right perfect ring and let M be a right R-module 
such that M is lifting. If M is a dual automorphism-invariant module, then M is 
discrete. 

Proof. Let M be a dual automorphism-invariant lifting module. By Propositionll4| 
M satisfies the property (D3). Thus M is a quasi-discrete module with the property 
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that every epimorphism / G End(M) with small kernel is an isomorphism. Hence, 
by [H Lemma 5.1], M is a discrete module. □ 

Next, we proceed to establish some decomposition results for discrete modules. 
This will help us in the study of dual automorphism-invariant lifting modules over 
right perfect rings. 

Lemma 29. Let R be a right perfect ring and let M = P/K be a right R-module 
where P is projective and if C s P ■ Suppose M is a discrete module. Then 

(i) If P decomposes as P = Pi © Pi, then we get M = Mi © M 2 with 

Mi = ^,M 2 = ^; 

if if ' 

and K = Ki © if 2 with 

Ki =KDPi,K 2 = Kr\P 2 . 

This shows any decomposition of P gives rise to natural decompositions of 
both M and K. 
(ii) If a G End(P) is an idempotent, then <j(K) C if. 

Proof. (i) Let P = Pi © P 2 . Then M = + ^±£. Let L x and L 2 be 

projections of K in Pi and P 2 respectively. Then L±, L 2 , Li + L 2 are small in 
P. Now Pi n (P 2 +K)CLi+ L 2 , so (Pi + if) n {P 2 + K) C if + L x + L 2 . 
This gives that ( El ^ K ) n C s M. Since M satisfies the property (Dl), 

we get that M = + J| such that ^ , ^ are summands of M contained in 
Pl ^ K , ^jr^ respectively and are supplements of g K , Pl ^ K respectively. 
As M satisfies the property (-D3), (~l J? is a summand of M. However, 
|n| C (-^r^) n gives that # n f is small in M. Therefore 

M = £ © -§ and hence 

Let ifi = if n Pi, if 2 = if n P 2 . We have an isomorphism ip : j^- © -> M 
given by y>(a;i + Ki,x 2 + K 2 ) = x\ + x 2 + if where x\ G Pi,a; 2 G P 2 . As 
<p( Kl + K2 ) = 0, we get K = Kt® K 2 . Hence if = (if H Pi) © (if fl P 2 ). 
(ii) Let Pi = ctP, and P 2 = (1 - cr)P. Then P = Pi © P 2 . By (i), we have 
if = if 1 © if 2 where ifi = if n Pl, if 2 = if n P 2 . Clearly then (r(if) C if. 

□ 

A ring R is called a c/ean ring if each element a G i? can be expressed as a = 
e + u, where e is an idempotent in R and u is a unit in R. A module M is called 
a ctecm module if End(M) is a clean ring. The class of clean modules includes 
continuous modules, discrete modules, fiat cotorsion modules, and quasi-projective 
right modules over a right perfect ring. 

In the next theorem we show that every dual automorphism-invariant lifting 
module over a right perfect ring is quasi-projective. 

Theorem 30. Let R be a right perfect ring and let M be a lifting right R-module. 
Then M is dual automorphism-invariant if and only if M is quasi-projective. 
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Proof. Suppose M is dual automorphism-invariant. Since M has a projective cover, 
we set M — P/K, where P is projective and if C s P. Let a G End(P). We know 
that End(P) is clean (see [5]). Therefore, a — a + f3 where a is an idempotent 
in End(P) and /3 is an automorphism on P. Since M is a dual automorphism- 
invariant lifting module over a right perfect ring, by Proposition 1281 M is discrete. 
Therefore, by Lemma [29l ii). a(K) C if. Since M is a dual automorphism-invariant 
module, by Theorem EH /3(K) C if. Thus <j(if) = (a + /3)(if) C if. Hence M is 
quasi-projective. The converse follows from Proposition [7] □ 

Theorem 31. Let R be a right perfect ring. If M = Mi®M 2 is a dual automorphism- 
invariant right R-module, then both Mi and M 2 are dual automorphism-invariant 
and they are projective relative to each other. 

Proof. We have already seen that a direct summand of a dual automorphism- 
invariant module is dual automorphism-invariant. 

Now, we proceed to show that Mi and M 2 are projective relative to each 
other. Let Mi = P\/Ki and Mi = P2/K2 where Pl,P 2 are projective and 
Ki C s Pi,K 2 C s P 2 - Then M = M x © M 2 = k\%k 2 - Note that the decomposi- 
tion M — Mi M 2 gives rise to decomposition P = Pi P 2 , where Mi = Pl + g 
and M 2 = ¥±±}L an d K = K\ © K 2 where K x = K H Pi, if 2 = H P 2 . Thus 
Aii = Pi/^i and Ai 2 = P 2 /K 2 . 

Let L2 = L 2 /K 2 be any submodule of M 2 . Consider the exact sequence M 2 — > 
M 2 /L 2 — > 0. Let A : Mi — > M 2 /L 2 be a homomorphism. This gives us a mapping 

Pi P 2 



A' . 

Ki L 2 



L2, 

Ko 



with A'(xi + Ki) =x 2 + L 2 if X(xi + Ki) = (x 2 + K 2 ) 

It lifts to a homomorphism /j, : Pi — > P 2 . Then P = P[ © P 2 where P[ = 
{xi + X'(xi) : xi S Pi}. We get an automorphism 

a : P -> P 

where ct(xi + x 2 ) = x x + X'(xi) + x 2 . 

Since M is dual automorphism-invariant, we have o~(K) = K = o~(Ki)®o~(K 2 ) = 
K n P{ © K n P 2 . This gives a decomposition 

if 8 if ' 

We have an isomorphism 

, Pi+K P{ + K 

a : > 

if if 

given by a'{x\ + if ) = a(xi) + if = x\ + X'(xi) + if. Now, if x\ G if, then 
xi + X'(xi) G if. This gives X'(xi) G if R P 2 = K 2 . Hence A' induces mapping 

_ Pi P 2 

given by p,(x + ifi) = X'(x) + K 2 . This shows that M\ is projective with respect 
to M 2 . Similarly, it can be shown that Ai 2 is projective with respect to M\. □ 



As a consequence it follows that 
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Corollary 32. If R is a right perfect ring, then a right R-module M is quasi- 
projective if and only if M © M is dual automorphism-invariant. 

Proof. Let R be a right perfect ring. Suppose M is a quasi-projective right R- 
module. Then M © M is quasi-projective and hence dual automorphism-invariant. 
Conversely, suppose M © M is dual automorphism-invariant. Then by Theorem 
I3TI M is M -projective, that is, M is quasi-projective. □ 

Proposition 33. Let R be an artinian serial ring. Then a right R-module M is 
dual automorphism-invariant if and only if M is quasi-projective. 

Proof. Suppose M is dual automorphism-invariant. Since R is artinian serial, M = 
ffi" =1 Mj, where each Mj is uniserial. Since M is dual automorphism-invariant, by 
Theorem [3T3 each Mj is projective with respect to Mj, for each j ^ i. 

Let Mi,Mj be such that M A j^ — jfrjrm ■ Then, since M%,Mj are projective 
relative to each other, we can lift this isomorphism to give Mj = Mj. 

So now M = ffi™ i^j, where L{ — (DkeAMk with Mi = Mj. for each i, k G A. Let t 
be the length of M k C I,-. Then, as R is an artinian serial ring. Mj is projective as an 
R/ J'(i?)-module for each i 6 A. This shows that is M-projective. Consequently, 
it follows that M is M-projective. Thus M is quasi-projective. The converse is 
obvious. □ 



6. Problems 

Problem 34. Let M\ and M2 be dual automorphism-invariant modules such that 
Mi is M2-projective and M% is M\-projective. Is Mi © M2 a dual automorphism- 
invarint module? 

Problem 35. Characterize von Neumann regular rings over which every right R- 
module is dual automorphism-invariant. 

Problem 36. Characterize rings over which each cyclic module is dual automorphism- 
invariant ? 
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